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Abstract: 

A charge-monopole theory is derived from simple and self-evident postu- 
lates. Charges and monopoles take an analogous theoretical structure. It is 
proved that charges interact with free waves emitted from monopoles but not 
with the corresponding velocity fields. Analogous relations hold for monopole 
equations of motion. The system's equations of motion can be derived from 
a regular Lagrangian function. 
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1. Introduction 

The problem of a theoretical formulation of the behavior of a charge- 
monopole system is known for a long time. Many discussions on the subject 
can be found in the literature[l,2]. One unsettled point of many charge- 
monopole theories is the lack of a regular classical Lagrangian function from 
which the theory can be derived[3,4]. This shortcoming entails difficulties in 
a construction of a quantum mechanical theory of the system[5,6]. 

An attempt to overcome this problem has been carried out several years 
ago[4]. This approach relies on the experimental fact which says that monopoles 
have not been seen in laboratories. Hence, their equations of motion have 
not been confirmed in experiment. It follows that one is not obliged to con- 
struct the theory from a specific form of the equations of motion. Thus, the 
approach of [4] is based on the following postulates: 

A. A system of monopoles and fields is dual to a system of charges and 
fields. 

B. The equations of motion of a system of charges, monopoles and fields 
can be derived from a regular Lagrangian function. 

In addition to these postulates, several other self-evident ones are used. It is 
shown in [4] that one can construct a self-consistent theory on this basis. As 
postulated, this theory is derived from a regular Lagrangian function. 

The purpose of the present work is to investigate the possibility of con- 
structing the same theory without relying on postulate B. Although the as- 
sumption of the existence of a regular Lagrangian function is appealing in 
its own, it is clear that the results are stronger if they are obtained on the 
basis of fewer postulates. In particular, the existence of a regular Lagrangian 
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function is deduced from the set of postulates used here. 

In the present work, expressions are written in units where the speed 
of light c equals unity. Greek indices range from to 3. The metric is 
diagonal and its entries are (1,-1,-1,-1). The symbol y denotes the partial 
differentiation with respect to x" '. r denotes the invariant time. 

The paper is organized as follows. Theories of two different kinds of 
charges are presented in the second sections. A theory of a combined system 
of charges and monopoles is derived in the third section. Consequences of 
the results are discussed in the fourth section. The last section contains 
concluding remarks. 



2. Two Kinds of Charges 



Consider a system of one kind of charges and of their associated fields 
which satisfy the equations of motion of classical electrodynamics. Here 
charges are the well known electric charges. The Lorentz force exerted on 
charges is 

(1) 



dP^ 
dr 



F {e) J {e)v 



The subscript (e) denotes that the quantities belong to a system of charges. 
The entries of the fields tensor of ([l]) are 



F (e) 



( -E x -E v —E z \ 

E T — B 7 B 



E„ B 7 





By 



'v 

Br. 



(2) 



V E z —By B x / 
As is well known, physics is a science which relies on experiment. Hence, 
physical quantities should be related to measurements. The Lorentz force 
can be used for measuring the fields. This objective can be achieved by means 
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of a set of measurements that yield unique values of the six independent 
entries of the antisymmetric fields tensor F^. Thus, the fields are defined 
by means of ([I]) [7] . 

The fields satisfy Maxwell equations 

F(l V = -^e) (3) 

= 0. (4) 

Here 

/ -B x -B y -B z \ 



B x E z —E y 
By —E z E x 



(5) 



V B z E y —E x J 
and e^ ua P is the completely antisymmetric unit tensor of the fourth rank. 

The fields can be derived from a regular 4-potential[8] (Point singularities 

associated with an elementary classical point charge are not discussed in the 

present work) 

F(e)fiv = A(e)v,fi - \e)w (6) 

An important quantity is the fields energy-momentum tensor. This quan- 
tity represents the density and the current of energy and momentum through- 
out space-time. Its form is (see [7], p. 605 or [8], p. 81) 

T (e) = ^ (F&F$g aP + \F$F {e)ap9 n . (7) 

Let us consider another system of charges whose type is not known yet. 
The second system is isolated from the electromagnetic system described 
above and is denoted by the subscript (m). Interactions within the (m) 
system are formally the same as those of the electromagnetic system (e). 
Thus, the foregoing laws hold for the new system and the sole change is the 
replacement of the subscript (e) by (m). 
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Like the fields of the electromagnetic system (e), the fields of the (m) 
system are defined by the force exerted on a charge. This quantity is written 
in an ordinary tensorial form which is analogous to ([[]) 

~ *{m) J (rn)w («J 

The fields equations of motion take the form of Maxwell equations 

*S , = ~^ J U ( 9 ) 

Fffir = 0- (10) 
These fields can be derived from a regular potential which is a 4-vector 

■F(jYi)fj,u ^(rn)u,fi ■ / ^-(m)fl,u- (H) 

Other quantities of the (m) system, like the energy-momentum tensor, are 
also analogous to the corresponding ones of the (e) system. 

So far nothing has been said on the interrelations between the (e) system 
and the (m) one. Three possible relations follows. 

• Charges of the (m) system are electric charges. 

• Charges and fields of the (m) system do not interact with the electro- 
magnetic system (e). 

• Charges of the (m) system are magnetic monopoles. 

In the first case, there is nothing to add, because problems of electrody- 
namics of a pure system of charges is outside the scope of the present work. 
In the second case, the (m) system cannot be seen in electromagnetic pro- 
cesses and it behaves as a dark matter. The rest of this work is devoted to 
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interrelations between electric charges and magnetic monopoles. 

3. Interactions of a Charge-Monopole System 

Consider a system {e} of charges without monopoles and a system {m} 
of monopoles without charges. One can imagine that these systems are very 
far from each other. At the limit of infinite distance the two systems do 
not interact and the theory of the combined system is just the two separate 
theories described in the previous section. As {e} and {m} move towards 
each other the interaction between these systems increases. Thus, the theory 
of the combined system contains the theories of {e} and of {m} as two sub- 
theories obtained in the limit where the two subsystems are infinitely far 
apart. 

It can be shown [1] that duality transformations cast electrodynamics of 
charges into electrodynamics of monopoles. Thus, in the notation used here, 
these transformations take the form 

E( e ) —> B(m), (12) 

B( e ) — > — -E( TO ), (13) 

and 

e - g (14) 

where g denotes the strength of magnetic charges. In the previous section, 
notation of the entries of the fields tensor of the {m} system is not specified. 
Thus, its entries are denoted here like those of the dual tensor <Q) of the {e} 
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system 

/ —B x —By —B z \ 



Sj; £^ — 

-By — ^ 



(15) 



V B z E y —E x / 
In this way the notation of charges' and monopoles' fields, which are defined 

by (|T]) and respectively, take a related form as seen in the ordinary tensors 

(0) and , respectively. 

In the rest of this section, it is found how the {e} and {m} systems 
can interact without destroying their intrinsic properties as formulated in the 
previous section. To this end, the problem is divided into two parts. The 
linearity of classical electrodynamics enables the split of the fields into two 
subsets. One of these subsets is made of the velocity fields of charges and 
the other subset is made of the acceleration fields of charges. An analogous 
division takes place in the case of monopoles' fields. 

Velocity fields and acceleration fields are seen in the Lienard-Wiechert 
expression for retarded field of a charge q (see [7], p. 657 or [8], p. 162) 

E = " 1 { r -~r-v)> ir - Rv) + (r-r. Rx { <- R ~ Rv)xa}] (16) 

B = Rx E/R. (17) 

Here R denotes the radius- vector from the retarded position of the charge q 
to the point where the fields are calculated and v and a denote the retarded 
velocity and acceleration of q, respectively. Analogous expressions hold for 
fields of monopoles. 

The first term on the right hand side of fllCD and of (17) is called a velocity 



field and the corresponding second term is called acceleration field (see [7], 
p. 657). The acceleration fields decrease like Br 1 . Hence, the energy density of 
these fields T 00 = (E 2 + B 2 )/87r decreases like R~ 2 . The same property holds 
for all entries of the energy-momentum tensor (0) of acceleration fields. It 



follows that these fields represent an objective physical entity that is endowed 
with an outgoing flux of energy and momentum. On the other hand, energy 
density of velocity fields as well as the interaction energy density of velocity 
fields and acceleration fields decrease like R~ 4 and -R -3 , respectively. It 
follows that the energy flux of these fields vanishes at infinity. This discussion 
shows that acceleration fields are dominant at very far regions and represent 
free electromagnetic waves. In quantum mechanics they take the form of real 
photons. The portion of space which is very far from the origin is the wave 
zone. Henceforth, acceleration fields at the wave zone are called free waves. 

Let us examine free waves. Consider a monochromatic plane electromag- 
netic wave emitted from a very far charge (see [8] pp. 114,115). The wave 
moves in the z-direction and its fields are 



Relation (||) shows that these fields, which are written here in a 3-vector 
notation, can be derived from the following 4-potential 




(18) 



B = (0, l,0)sin[u(t- z)]. 



(19) 



A (e)fl = (0, 1, 0, Q)cos[u(t - z)]/u. 



(20) 



As seen from the components of E and of the 4-potential (|20D, this field is 



polarized in the x-direction. 



Let us examine how the free wave whose fields are (|1|) and ([19]) is seen 
in the {m} system. For this purpose consider the 4-potential 



A( m )it = (0, 0, 1, 0)cos[u(t - z)]/u. 



(21) 



An application of (JTTJ) and of the notation ( 15) of the entries of the monopole 



fields tensor, shows that the electric and the magnetic fields ( [TSf) and ( fL9D 



8 



are obtained from the 4-potential ([H]). On the basis of these results it is 
concluded here that free waves of charges look the same as free waves of 
monopoles. 

Let us turn to velocity fields of the systems. The problem of interaction 
of monopoles with velocity fields of charges is analyzed by means of the 
following example. Consider two magnetic polar dipoles made of monopole 
matter. One face of each dipole is covered with +g magnetic monopoles and 
the opposite face is covered with —g magnetic monopoles. Let p denote the 
strength of the dipoles. In a coordinate frame S, the dipoles are placed as 
depicted in Fig. l.a. The force exerted on the upper dipole is the same as 
the force found in an analogous system of polar electric dipoles [9]. Using 
also the well known expression for dipole field (see [7], p. 141), one finds the 
required force 

/ = (0,-l,0)3p 2 /(8r 4 ) (22) 

The force exerted on the lower dipole has the same size and takes the opposite 
direction. It follows that the two dipoles attract each other. 

Let us examine the same system in another coordinate frame £'. This 
frame is related to S by means of space reflection. Thus, £ is a right handed 
frame and £' is a left handed frame. Obviously, the frame £', like S, is a 
legitimate frame and the laws of physics should hold in it. 

On the basis of the tensorial relations fl8D-(|TT|) it is found that, in £', the 
dipoles are seen as depicted in fig. l.b. Using the law of force for the dipoles 
of fig. l.b, one finds that they attract each other with a force (0). This 
outcome is an example of the consistency of the laws of physics as seen in 
the two coordinate frames £ and £'. 

Let us return to the frame £ and examine two axial magnetic dipoles 
made of current loops (see fig. 2. a). Each of these dipoles replaces one of the 
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dipoles of fig. l.a and the strength of these dipoles satisfies M = p. It turns 
out that the force exerted on each axial dipole is the same as the force found 
for the polar dipoles of the previous example (see [7], p. 185). It follows 
that, like in the case of the polar dipoles depicted in fig. l.a, the two axial 
dipoles of fig. l.b attract each other. 

In the second frame E', the current loops are seen as depicted in fig. 2.b. 
Using the law of force, it is easily seen that in E', like in E, the two dipoles 
attract each other. Thus, the outcome of the analysis of the two axial dipoles 
is another example of the consistency of physics. 

Let us turn to a hybrid system made of one polar magnetic dipole and 
one axial magnetic dipole. In the frame E these dipoles are seen as in fig. 
3. a. In this case we examine the interaction of monopoles with velocity fields 
of charges and vice versa. Let us test the assumption stating: 

C. Monopoles interact with velocity fields of charges in the same way as 
they do with velocity fields of monopoles. 

Hereafter, this assumption is called assumption C. 

Using assumption C, one finds that the polar dipole, which is made of 
two displaced monopoles ±g, is seen in E at r\ — (0, 0, r). This dipole is 
pooled downwards, like its counterpart of fig. l.a. Requiring momentum 
conservation, one finds that the axial dipole seen in fig. 3. a at r 2 = (0, 0, — r) 
should be pooled upwards, like its counterpart of fig. 2. a. Thus, it is seen 
that in E the two dipoles of fig. 3. a attract each other. 

Let us turn to the frame E'. In this frame the polar dipole is seen in 
r[ = (0,0, — r). Using the tensorial relations (||)-([TT]), one finds that its 
dipole moment points downwards. This is the same situation as seen in fig. 
l.b. The axial dipole, which is made of a current loop, is seen in E' at 
r' 2 = (0, 0, r) and its dipole moment points upwards. Thus, it is shown that 
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in E', the directions of the dipoles are anti-parallel whereas they are parallel 
in E. Using assumption C, one finds that, in E', the two dipoles should repel 
each other. This result contradicts the findings of the right handed frame E. 

The contradiction obtained above disproves assumption C. The problem 
can be settled if one concludes: 

D. Monopoles do not interact with velocity fields of charges and charges do 
not interact with velocity fields of monopoles. Charges and monopoles 
interact with free waves of both systems. 

Conclusion D is consistent with the results of the experiment described 
in fig. 3. Indeed, in the situation shown in fig. 3. a, as well as in that of 
fig. 3.b, one finds that if conclusion D holds then no force is exerted on the 
dipoles. Thus, the frame E and E' yield compatible results. 

Conclusion D is consistent with the charge-monopole equations of motion 
obtained in [4] under assumptions A and B, as presented in the introduction. 
Thus, the particles, equation of motion are 



and 

a 

^ T = r {m,w) J (™)v> 

Here F?£ w \ represents the velocity fields of charges, their acceleration fields 



~ F Z,w) J (m)u, (24) 



and free waves emitted from monopoles. Its entries are like those of (|2|). 
F(mw) * s defined analogously. Its entries are like those of (|5|) and (|i~5|). 

It is found above that only free waves are common to charges and monopoles. 
These fields satisfy homogeneous Maxwell equations. Thus, Maxwell equa- 
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tions (|), (|), (|) and (|T§ are not affected. 



4. Discussion 



The equations of motion, namely, the Lorentz force (p3|) and ( [24] ) as well 
as Maxwell equations (||), (^), (|9|) and ([UJ) are the same as those obtained in 
[4] by means of assumption B which states that the theory should be derived 
from a regular Lagrangian function. Two conclusions can be deduced from 
this outcome: 

I. Requirement B is not essential because the same results are obtained 
without its utilization. 

II. The equations of motion can be derived from a regular Lagrangian 
function. 

Conclusion II is obvious. Indeed, it is shown in [4] that the Lagrangian 
function (written here in the metric of the present work) 

1 1 

T — Tpv u TP T^ A - TP^ TP 

lQ n ( e ' w ) ( - e ' W ^ U (e)^(e,w)M- IQ-jr (m,w) r (m,w)(iv 

-J( m )A( m ,w)fi + ^-(F^F^^v (25) 

yields the equations of motion obtained here. 

Another result of the analysis carried out in the previous section is that 
an alternative charge-monopole theory whose equations of motion differ from 
those derived above, must be incompatible with at least one of the postu- 
lates used here. Consider, for example, a theory that does not distinguish 
between electromagnetic fields of charges and those of monopoles and uses 
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the following particles' equations of motion [1] 



dP^ 

—^T = F (e,m,u,) J (e)u, (26) 

and 

dP^ 

^ r ~~ r (e,m,w) J (m)v ) 

It turns out that in this theory a pure monopole system does not have the 
ordinary structure of electrodynamics. Here monopole fields are not defined 
like in (§) as done in electrodynamics but are postulated to have the same 
physical meaning as fields of charges and are obtained from the later by 
means of the duality transformation (^|). As a result, this theory cannot 
use potentials of the form ([11]) that yield a tensor whose entries are like 
(|T5|). Moreover, regular potentials of electrodynamics of charges cannot 
be used[10] for monopole fields because, as is well known, in electrodynamics 
of charges, where fields are derived from potentials like (Q) 

V • B = V-(V X A) = 0. (28) 

This property of regular potentials is inconsistent with 

V • B = 4vrp (m) (29) 

which is the fi = equation of (0). 

As is well known, potentials are essential ingredients of the electrody- 
namic Lagrangian function. It follows that the equations of motion ( p6|) and 
pTD cannot be derived from a regular Lagrangian. This conclusion holds also 



in the limit of a system of monopoles which does not include electric charges. 



Another aspect of the theory that uses ( p6|) and (|27| ) as the equations of 
motion of charges and monopoles, respectively, is the assignment of pseudo- 
scalar properties to monopoles (see [7], p. 253). Indeed, if monopoles are 
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scalars, as used in (||), then the problem presented in fig. 3 persists. On the 
other hand, if monopoles are pseudo-scalars then the polar dipole of fig. 3.b, 
which is made of two displaced monopoles, is not as shown in the figure but 
reverses its direction. Under these circumstances the dilemma apparently 
disappears. 

Consequences of the assignment of pseudo-scalar properties to monopoles 
affect the construction of a Lagrangian for the equations of motion ( p6[ ) and 
(|27p. Thus, here is not a 4- vector. It follows that it cannot be used for 
constructing a scalar with a 4-potential A?* of charge which transforms like 
a 4-vector. 



5. Concluding Remarks 

The discussion carried out in this work relies on the postulate stating 
that a classical theory of a system which consists of one kind of charges and 
whose equations of motion are like those of classical electrodynamics, takes a 
form which is analogous to this theory. Thus, equations flS|)-(|nD are elements 
of the theory. In addition to this, it is assumed that a theory of a combined 
system which consists of several kinds of charges, reduces to the theory of one 
kind of charge as formulated in (pD-flll), in an appropriate limiting process 



where all other kinds of charges are removed to infinity. 

It is proved that these assumptions lead to the equations of motion of 
a charge- monopole system ( [53]) , ( p4| ) and to the obvious form of Maxwell 



equations (||), (|J), (||) and ([[(]). These equations state that charges do 
not interact with velocity fields of monopoles and monopoles do not interact 
with velocity fields of charges. Charges and monopoles interact indirectly by 
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means of free electromagnetic waves (namely, real photons). 

The same equations of motion have been obtained earlier, using a postu- 
late stating that the theory should be derivable from a regular Lagrangian 
function [4]. It is shown here that this requirement is not essential and that 
the same results are obtained without relying on the existence of a regular 
Lagrangian. 

It is also proved here that any alternative theory whose equations of 
motion differ from (|23|)-(|24|) cannot satisfy the postulates used here. The 
theory whose equations of motion are (|26|) and (p7[), where charges and 
monopoles interact with all kinds of fields, is a particular case. Here one uses 
monopoles that are pseudo-scalars and the pure monopole part of this theory 
does not take the ordinary form of electrodynamics (|g|)-(|ll"|). 
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Figure Captions 
Fig. 1: 

(a) Two polar magnetic dipoles are held fixed at = (0,0, ±r), respec- 
tively. The signs of the surface monopoles ±g indicate the direction of 
the dipole moment. 

(b) The system as seen in the left handed laboratory 
Fig. 2: 

(a) Two axial magnetic dipoles M, made of current carrying loops, are 
fixed like in fig. 1. 

(b) The system as seen in the left handed laboratory 
Fig. 3: 

(a) A polar magnetic dipole and an axial one are fixed as shown. 

(b) The system as seen in the left handed laboratory 
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